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PACS numbers: 05.30.Jp, 03.75.Lm, 67.40.-w When a superfluid is set into rotation, it demonstrates many fascinating phenomena, such as quantized vortex states and persistent flow [1] . The studies of rotational properties of superfluids originated some decades ago, mostly in connection with liquid Helium, nuclei, and neutron stars. More recently, similar properties have also been studied extensively in cold gases of trapped atoms.
Quantum gases of atoms provide an ideal system for studying multi-component superfluids. At first sight, the rotational properties of a multi-component gas may look like a trivial generalization of the case of a single component. However, as long as the different components interact and exchange angular momentum, the extra degrees of freedom associated with the motion of each species is not at all a trivial effect. On the contrary, this coupled system may demonstrate some very different phenomena, see, e.g., Refs. [2, 3, 4] . Several experimental and theoretical studies have been performed on this problem, see, e.g., Refs. [5, 6, 7, 8, 9, 10, 11] , as well as the review article of Ref. [12] .
In this Letter, the rotational properties of a superfluid that consists of two distinguishable components are examined. Three new and surprising conclusions result from our study:
Firstly, under appropriate conditions, one may achieve vortex states of multiple quantization. It is important to note that these states result from the interaction between the different species, and not from the functional form of the external confinement. It is well known from older studies of single-component gases, that any external potential that increases more rapidly than quadratically gives rise to vortex states of multiple quantization, for sufficiently weak interactions [13] ; on the contrary, in a harmonic potential, the vortex states are always singlyquantized. In the present study, vortex states of multiple quantization result purely because of the interaction between the different components, even in a harmonic external potential. Therefore, our study may serve as an alternative way to achieve such states [14] .
Secondly, our simulations indicate that multicomponent gases do not support persistent currents, in agreement with older studies of homogeneous superfluids [3] . Essentially, the energy barrier that separates the (metastable) state with circulation/flow from the nonrotating state, is absent in this case, as the numerical results, as well as the intuitive arguments presented below, suggest.
Finally, we investigate the structure of the lowest state of the gas, in the range of the total angular momentum L between zero and N min = min(N A , N B ), where N A and N B are the populations of the two species labelled as A and B. In this range of L, only the single-particle states with m = 0 and m = 1 are macroscopically occupied, as derived in Ref. [15] within the approximation of the lowest Landau level of weak interactions. Remarkably, our numerical simulations within the mean-field approximation, which go well beyond the limit of weak interactions, show that this result is more general.
For simplicity we assume equal masses for the atoms of the two components, M A = M B = M . Also, we model the elastic collisions between the atoms by a contact potential, with equal scattering lengths for collisions between the same species and different species, a AA = a BB = a AB = a (except in Fig. 4 ). Our results are not sensitive to the above equality and hold even if a AA ≈ a BB ≈ a AB , as in Rubidium, for example. For the atom populations we assume N A = N B , but N A /N B < ∼ 1 (without loss of generality). The trapping potential is assumed to be harmonic,
where U 0 = 4πh 2 a/M . We consider rotation around the z axis, and also assume thathω z ≫hω, andhω z ≫ n 0 U 0 , where n 0 is the typical atom density. With these assumptions, our problem becomes effectively two-dimensional, as the atoms reside in the lowest harmonic oscillator state along the axis of rotation. Thus, there are only two quantum numbers that characterize the motion of the atoms, the number of radial nodes n, and the quantum number m associated with the angular momentum. The corresponding eigenstates of the harmonic oscillator in two dimensions are labelled as Φ n,m .
Within the mean-field approximation, the energy of the gas in the rest frame is
where Ψ A and Ψ B are the order parameters of the two components. By considering variations in Ψ * A and Ψ * B , we get the two coupled Gross-Pitaevskii-like equations,
where µ A and µ B is the chemical potential of each component. We use the method of relaxation [16] to minimize the energy of Eq. (2) in the rotating frame, E ′ = E − LΩ, where Ω is its angular velocity.
For the diagonalization of the many-body Hamiltonian, we further assume weak interactions, n 0 U 0 ≪hω, and work within the subspace of the states of the lowest Landau level, with n = 0. This condition is not necessary, however it allows us to consider a relatively larger number of atoms and higher values of the angular momentum. We consider all the Fock states which are eigenstates of the number operatorsN A ,N B of each species, and of the operator of the total angular momentumL, and diagonalize the resulting matrix.
Combination of the mean-field approximation and of numerical diagonalization of the many-body Hamiltonian allows us to examine both limits of weak as well as strong interactions. For obvious reasons we use the diagonalization in the limit of weak interactions, and the meanfield approximation (mostly) in the limit of strong interactions. The interaction energy is measured in units
ωa/a z , where φ 0 (z) is the lowest state of the oscillator potential along the z axis, and a z = (h/M ω z ) 1/2 is the oscillator length along this axis. For convenience we introduce the dimensionless constant γ = N v 0 /hω = 2/πN a/a z , with N = N A + N B being the total number of atoms, which measures the strength of the interaction.
We first study the limit of weak coupling, γ ≪ 1, and use numerical diagonalization. Considering N A = 4 and N B = 16 atoms, we use the conditional probability distributions to plot the density of the two components, for L = 4, 16, 28, and 32, as shown in Fig. 1 . When L = 4 = N A , and L = 16 = N B , the component whose population is equal to L forms a vortex state at the center of the trap, while the other component does not rotate, residing in the core of the vortex. This is a so-called "coreless" vortex state [5, 6, 17] . As L increases beyond L = N B = 16, a second vortex enters component B, and for L = 2N B = 32, this merges with the other vortex to form a doubly-quantized vortex state. For this value of L = 32, the smaller component A does not carry any angular momentum (apart from corrections of order 1/N ). The fact that this is indeed a doubly-quantized vortex state, is confirmed by the occupancy of the single-particle The picture that appears from these calculations is intriguing: as Ω increases, a multiply-quantized vortex state of multiplicity κ splits into κ singly-quantized ones, and on the same time, one more singly-quantized vortex state enters the cloud from infinity. Eventually all these vortices merge into a multiply-quantized one of multiplicity equal to κ + 1. Figure 2 shows the above results for various values of Ω.
The mechanical stability of states which involve the gradual entry of the vortices from the periphery of the cloud is novel. This behavior is absent in one-component systems, in both harmonic, as well as anharmonic trapping potentials. In one component gases, only vortex phases of given rotational symmetry are mechanically stable [18, 19] . In the present problem, the mechanical stability of states with no rotational symmetry (shown in Fig. 2 ) is a consequence of the non-negative curvature of the dispersion relation (i.e., of the total energy) 
E(L).
This observation also connects with the (absence of) metastable, persistent currents (i.e., the second main result of our study), which we present below.
In Ref. [15] we have given a simple argument for the presence of vortex states of multiple quantization within the mean-field approximation. At least when the ratio between N A and N B is of order unity (but N A = N B ), there are self-consistent solutions of Eqs. (3) of vortex states of multiple quantization. Within these solutions, the smaller component (say component A), does not rotate, providing an "effective" external potential V eff,B (r) = V ext (r) + U 0 n A (r) for the other one (component B), which is anharmonic close to the center of the trap. This effectively anharmonic potential is responsible for the multiple quantization of the vortex states. Therefore, we conclude that for a relatively small population imbalance, the "coreless vortices" are vortices of multiple quantization.
The second aspect of our study is the absence of metastable currents (in the laboratory frame, for Ω = 0). A convenient and physically-transparent way to think about persistent currents is that they correspond to metastable minima in the dispersion relation E = E(L) [20] . A non-negative curvature of E(L) for all values of L implies the absence of metastability. For all the couplings we have examined, both within the numerical diagonalization, as well as the mean-field approximation, we have found a non-negative second derivative of the dispersion relation. Figure 3 shows L A /N A , L B /N B , and L/N versus Ω, for γ = 50. These curves are calculated by minimizing the energy E(L) in the rotating frame for a fixed Ω, and plotting the angular momentum per particle of the corresponding state for the given rotational frequency.
Again, our argument for the effective anharmonic potential is consistent with this positive curvature. Let us is the oscillator length, and 0 < λ ≪ 1 is a small dimensionless constant, according to perturbation theory, E 0,m =hω|m| + λ(|m| + 1) . . . (|m| + k)/2, which clearly has a positive curvature.
One may gain some physical insight into the absence of persistent currents by understanding the difference between a gas with one and two components. In the case of a single component, for sufficiently strong (and repulsive) interactions, an energy barrier that separates the state with circulation from the vortex-free state may develop. In the simplest model where the atoms rotate in a toroidal trap, in order for them to get rid of the circulation, they have to form a node in their density, which costs interaction energy, and this creates the energy barrier [20, 21] . On the other hand, in the presence of a second component, this node may be filled with atoms of the other species, and therefore the system may get rid of the circulation with no energy expense. This physical picture is also supported by the density plots in Figs. 2 and 4. For example, in the case of coreless vortices, the core of the vortex is filled by the other (non-rotating) component [12] . More generally, the density minima of the one component coincide, roughly speaking, with the density maxima of the other component, resulting in a total density n tot = |Ψ A | 2 + |Ψ B | 2 which does not have any local minima or nodes.
Our third result is based on the mean-field approximation. For 0 ≤ L ≤ N min , where N min = min(N A , N B ), the only components of the order parameters Ψ A and Ψ B are the single-particle states with m = 0 and m = 1, i.e.,
where c n,0 , c n,1 , d n,0 and d n,1 are functions of L and of the coupling. The numerical simulations that we perform within a range of couplings γ ≤ 50 that extend well beyond the lowest-Landau level approximation, reveal this very simple structure for the lowest state of both components. Also, the corresponding dispersion relation is numerically very close to a parabola, as in the case of weak interactions [15] . Again, one may attribute these facts to the effective potential that arises from the interaction between the two species [15] . In the studies that have examined a single-component gas in an external anharmonic potential, it has been shown that as the strength of the interaction increases, there is a phase transition from the phase of multiple quantization to the phase of single quantization [19] . In the present case the situation is more complex, since the effective anharmonic potential is generated by the interaction between the two species as a result of a selfconsistent solution. Still, a similar phase transition takes place here, as, for example, one keeps the scattering lengths a AA and a AB fixed, and increases a BB that corresponds to the rotating component. Figure 4 shows the density and the phase of both species, for a AA = a BB = a AB = a (left panel), and a BB = 2a AA = 2a AB = 2a (right panel). Component B undergoes a phase transition from a doubly-quantized vortex state to two singlyquantized vortices.
To conclude, mixtures of bosons demonstrate numerous novel superfluid properties and provide a model system for studying them. Here we have given a flavor of the richness of this problem. Many of the results presented in our study are worth investigating further, as, for example, one changes the ratio of the populations, the coupling constant between the same and different species, or the masses.
